10 CHAPTER 2. DIFFERENTIAL EQUATIONS OF FIRST ORDER AND FIRST DEGREE,

Slog(x + 24"y = y?) —log x*% + logx™ = —2¢
sxPrxy —yt=e =
by substitutingx' = x+1 and y' = y-3, we get x242xy-y?-ax +8y— 14 = ¢', which is general equation
of given differential equation. (2)(x - y +2)dx + (2x - 2y=4)dy =
Solution: The differential equation is given by,

dy | x-y+2 2.12)
dx ~ 2(x-y)-4 '

is not homogeneous differential equation. By comparing with (2.6) wegeta=-1,b=1,1=2,m = =2,

Here, § = —‘5 =L Therefore h and k can not be determined. Put x-y = z and 1 - ar = dz iy equation

m' dx ~ dx
(2.12) we get,

_dz z+2
—+Z%=p
" dx 9z-4
dz 3z-2
o=+ =0
dx 2z-4
22—
3 2d.z dx, which is separable variable form.

In order to get solution integrate the terms separately we get

2z-4
3z-2

dz = | dx+c, wherec isan arbitrary constant
j‘23z—(\47~ fdx+c
3 3z-2
4
,',—f(l— )dz=x+c
3 3z-2

; [x-y—glogls(x—y)—Z]] =3x+c', wherec' =3¢

SX+2y+ 39 log(3(x - y) = 2) +¢', which is a general solution.
Exercise-11

- Identify type of the following differential equations and solve them.
1. 2y% = 22 +sin3x. (Ans:3y? = x* —cos3x+c.)

2. 3¢*tanydx+(1-e%)sec?ydy=0. (Ans: tany=c(l-e*))
3. 142yl _ 0. (Ans: 202+ )2 +3log(a? + )2 = 2) = c)

4, x“%{ +x3y+cosec(xy) =0. (Ans: cosxy+ 7 =C.)
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2. LINEAR DIFFERENTIAL EQUATIONS. 11

(5.}

= \'—:% = n(_\*’ + %{ -+ (Ans: (x+a)(1 - ay) = cy.)

«

.\‘I—:{:y-#cnsz({). (Ans: tan(£) =log|cx|

=

2 2dy ., d
SR =xy . (Ans: y=xlogy +cx).

8. ,\—\—=\/y2—\ (Ans: y+/y7=x2=¢)

dx

~)

% e (Ansan” 2y < log eyl r D7+ 7).
dy +2y-3 )
10. -(T,‘; = ;,\'4;'_3- (Ans: (x+)'—2)(,\'—y) 3=C).

1. By+2x+4)dx-(4x+6y+5)dy=0. (Ans: 21x-42y+9log(14x+21y+22) = ¢').

12. 2x+9y=-20)dx = (6x+2y- 10)dy. (Ans: (y-2x)%=c(x+2y-5)).

2.4 Linear differential equations.

Definition 2.6. A differential equation of the form Z" +Py = Q, where P and Q are either constants
or funcuom of x is said to be linear differential equation of first order. For example, dx Y+ (sec2x)y =
sec? xtanx is linear differential equation of first order.

In order to solve the linear differential equation we use the method of separable variable. Linear
differential equation of first order is given by

gl + Py = Q, where P and Q are either constants or functions of x. (2.13)

First we solve % + Py = 0 by using separable variable method. For

f ay =- f Pdx + c. where c is an arbitrary constant.
}I
logy= —dex+ ¢

cy=e [Pdxgc

Sy=e

Now differentiate on both sides with respect to x we get,

—dexa

dexﬂ de.\’P:O.
e dx+ye

fpax(4Y )=
e (dx+Py
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2.5. BERNOULLI'S DIFFERENTIAL EQUATIONS. 15

.-.Jv"_\'=f—llj.}?xd.\'+c-

1
i f logxdx+c = -—[logxx—f -;xdx] +C.
.x = y(c + x - xlogx). Which is a general solution of the given differential equation.

Remark 2.11. The general form of Bernoulli’s differential equation :'—,’;' +Py=Qy"; necR\{0} is given
by
) dy
' /) — P = .
F'o—; +f(P=Q

In order to solve this we put u = f(y) we get % =f ’(y)%% in general form we get f—,'—; +Pu=Q, which is

linear differential equation. Let us see the following examples to understand.

— d : _
__—Examples 2.12. (1) Solve: sin y;;{ +X COS)‘: =X:
Solution: Here u = cos y and % = =sin yﬁ. Substitute these values in given differential equation we

get
du
——Xu=-x.

dx
Which is linear differential equation in variable v. Therefore solution is given by

u(l.F) = f QU.E)dx+c.
- -2
ueTz = f(—x)e_f dx+c.
1 2 L% ;
cosy=3 +cez. Which is a general solution.

(2) Solve: 9% + Llogy = £(log y)*.
Solution: Divide both sides by y we get

ldy 1 1 2
——+-1 =—(l ‘
ydx x o8y x(ogy)

d . . o
Now put u=logy, weget 3, g% = du _ Substitute these values in above equation we get

du u u? ldu 11 1
- + -——

dx x x wdx xu x
. Which is in the form of Bernoulli’s differential equation. By putting % = t and solving it we get
(log y)~! = 1 + cx which is general solution of given differential equation.

Exercise-III

Identify type of the following differential equations and solve them.

)
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16 CHAPTER 2. DIFFERENTIAL EQUATIONS OF FIRST ORDER AND FIRST DEGREE.

d . . .
L. ¥+ ycosx =sinxcosx (Ans: y =sinx +ce™Sinx ] )

1y
2, '3% +2xy =2x, also y = 3 when x = 0 obtain a particular solution. (Ans: y =1+ ce™* and PS.
isy=1+2¢"%)

3. g{ +ylanx =secx. (Ans:y=sinx+ccosx.)

1. cosz,v:f';{r +y=lanx. (Ans: y=tanx-1+ce 'anx)

5. (1+x%)dy=(tan"' x - y)dx. (Ans: y=tan™' x—1+ce~tan"'x
6. x‘;—xx +2y=x’logx. (Ans:y= %logx-—fz—s+cx‘2.)

7. %{ +ycotx =56, (Ans: ysinx = —508%+¢ )

8. %{ +2ytanx = sin x,also obtain particular solution with y=0whenx=13%. (Ans: ysec?x =
secx+c; PS=ysec?x =secx—-2)

9. (x+2y3)g§ =y. (Ans:x=y>+cy)
10. xlogng +y=2logx. (Ans: ylogx=(logx)?+c)
11. ‘%’r—' +ytanx=y3secx. (Ans: cos?x = y?(c +2sinx))
dy _ ¢ Ja ks ik

12. xy+xy)ZE=1. (Ans:il=(2-y?) +cet)

13 ¥4 ytanx= €55, (Ans: y* = cos® x [c+logtan (% + §)].)
14. seczygf +xtany=x>. (Ans:tany=x3-3x2+6x—-6+ce %)

-1 2 =2

15. (Fy*+xy)dx=dy. (Ans:y'=2-x2+ceT )
16. % +ycosx =)y sin2x. (Ans: y~2 =2sinx + 1+ ce?sinx)
17. x% = y— /7. (Ans: 4c%x = (y—1- 2x)2)

18. P —x?y+y =0, (Ans: PBx+0)=x3)

19, %+y10§y=xye". (Ans: xlogy =(x-1)e* +¢c.)
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