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DIFFERENTIATION FORMULA

Table 5.2.1

INTEGRATION FORMULA

d ...
dx bl =1

d [.\'H"l
dx Lr+1

a [sin x] = cos x
dx

— [~cos x] = sin x

|

[tan x] = sec?x

[-cot x] = csc?x

[sec x] = secxtanx

A &l & §x

[-csc x] = cscx cotx

]=x’ (r#-1)

/dx=x+C
xrdxzxr+1
r+1

/cosxdx=sinx+C

+C (r#-1)

fsinxdx =—cosx+ C
fseczxdx =tanx+ C
fcsczxdx = 7—cotx+ C
/secxtanxdx =secx+ C

[cscx cotxdx =—-cscx+C
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wciples of Integral Evakiation “
ple g xponent can be reduced to 1, leaving .
Y “l“’l[

e isodd, thee foc
In the case Where nist v. These integrals are given by o
i : woSCC A L |
of integrating tan.t ¢ r 'h‘\lm
flm\ vdyv=1n |sec x|+ C
C o,
f«cc vdx = In|secy 4+ tanx| +
Q))
1 L y
Formula (21) can be obtained by writing
sin.x I
WA — .
f tan.x dx —
= Cosx “
= —In|cosx|+C du = —sinxdx |
=ln|scc.\‘|+C |n|cus|-|=_|r.'LTS;i

Formula (22) requires a trick. We write
sec.x + tan .\-) dx =
[ secxdy = / secx (m p
v[ u = secx + tanx
=In|secx +tanx| + C du = (se6? x + secxtanx) dx

sec? x + sec.x tan.x
dx

secx 4+ tanx

The following basic integrals occur frequently and are worth noting:

/tanzxdx=tanx—x+c i

fseczxdx=tanx+c o

Formula (24) is already known to us, since the derivative of tan x is sec? x, Formula Q
can be obtained by applying reduction formula (19) with n = 2 (verify) or, altemativel

by using the identity

1 +tan®x = sec’ x

to write
ftanzxdx = f(seczx —1dx=tanx —x+C

The formulas

3
[tan Xy = %tanzx —In|secx|+C
secxdx = Lsecxtanx + 1]
3 ;In|secx +tanx| + C

can be deduced from (21), (22), and reduction formulas (19) and (20) as folloWs:

1
3
ftan xdx = itanzx—[tanxdx= -;-(anzx—lnlsecﬂ-i"c

1 ‘
fseCdex = g secxlanx + %fsecx dx = %secxlanx+-;—|l1|~°>€c"“a”l

JDUCTS OF
E
CANTS f tan™ x sec” x dx

can be evaluated by one of the thre dingon ¥
e proced i 1.2, depending
m and n are odd or even, P ures stated in Table 8.3.2, depe

If m and n are positive integers, then the integral

_...A
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TABLE OF INTEGRALS
BASIC FUNCTIONS
. un+l ¥ " at
1. /u du=n+1+c 10. fa du—lna+C
> 3 d—u=1n|u|+c g B flnudu:ulnu—u+c
u

.

3. [e"du:e'-‘+C 12, fcotudu:lnlsinul+c

4. /sinudu:—cosu+C 13 fsecudu:lnlsecu+tanul+c

=lnltan(}-‘7r+%u)l+c
S. [cosudu:sinu—i-c
14 fcscudu:ln\cscu—cotul-i-c
6. ftanudu:lnlsecu|+c =1n\tan%u|+C
7. fsin‘luduzusin'1u+ 1—u2+C 15. fcot‘ludu=ucot“u+ln\/1+u2+C
8. fcos"udu:ucos“u—Jl—u2+C 16. fseC‘ludu=usec“u-—ln\u+~/u2—l|+C

9. ftan'luduzutan‘lu—ln\/l+u2+c 17. fcsc‘ludu_—_ucsc"lu+1nlu+\/u2-—-1|+c



POWERS OF u MULTIPLYING OR DIVIDING BASIC FUNCTIONS

44, [usinudu=sinu—ucosu+C

45. [ucosudu=cosu+usinu+c

46. fuzsinudu=2usinu+(2—u2)cosu+C

47. fuzcosudu=2ucosu+(u2—2)s'mu+C
48. fu" sinudu = —u" cosu—\—nfu"'_1 cosﬁdu

-1

499. | u"cosudu =u" smu——nfu" sinu du

50.

f
f

" Inudu = - - Tl DInu—11+C



7.8.3 THEOREM.

d
o [sinh #] = cosh u Z—z
d
——[coshu] = sinh uﬁ
d d
a[tanh u] = sech? ud—z
d
Z;[coth u] = —csch? uﬁ
d
j—[sech u] = —sech u tanh y—
dx dx
d
i[csch u] = —csch u coth P
dx dx

fcoshudu = sinhu 4+ C

sinhu du = coshu + C

sech? u du = tanh u + C

sechutanhudu = —sechu + C

csch u cothu du = —cschu + C

/
/
fcschzudu = —cothu +C
/
/
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' 7.8.5 THEOREM.

d 1 du d 1 du
—(sinh~ ! ») = — (coth™ ' u) = . 1
dx (Sl u) 1.4 12 dx dx (CO u) 1 —u?dx |ll| =
1 du d 1 du
—(cosh™ ' u) = , 1 —(sech™ u) = —
dx R x/uT—_——l o i dx freati u\/l—_u?- dx’ iy

d ¥ d d
d—(tanh"1 By =— s lu| <1 —(csch™ u) = -

1
x  —w2dx’ dx —"—M /1+u2dx' it
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/.8 Hyperbolic Functions and Hanging Cables
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7.8.6 THEOREM. Ifa > 0, then

f\/mhsmh ( )+C or In(u++/u? +42) 4 ¢

u
= -1 (%
fm cosh (Z)+C or n(u++vu2—a2)+C, u>a

L /u
du Ztanh : (;) +C, |ul <a
a2 — 2 or —In |2 Y +C
“ lcoth_l s 2a |a—u  lul#a
P (‘-) +C, |ul >a

a++/a*— y?

a++va?+ u?

]

u
/u‘/m———csch I I—f—C or ——ln( ] )+C, u #0

/u il ——sech i I+C0r ——I ( ] )+C, O0<|ul<a




sarithmic, and Inverse Trigonometric Functions

| 7.8.2 THEOREM.

coshx + sinhx = &*
coshx —sinhx =e™
cosh?x — sinh®x = 1
1 — tanh® x = sech” x
coth’x — 1 = csch® x
cosh(—x) = coshx

sinh(—x) = —sinh x

sinh(x + y) = sinh x cosh y + coshx sinh y
cosh(x + y) = coshx cosh y + sinh x sinh y
sinh(x — y) = sinhx cosh y — coshx sinh y
cosh(x — y) = coshx coshy — sinhx sinhy
sinh 2x = 2 sinh x cosh x

cosh 2x = cosh® x + sinh? x

cosh2x = 2sinh*x + 1

cosh2x = 2cosh®’x — 1

e




PYTHAGOREAN IDENTITIES

sin 6 + cos? 6 =Al tan?_Q +1= sec” @

SIGN IDENTITIES

1 +cot?8 = csc? @

(¥ __—,—";

-t \\*
sin(—f@) = —sin 6 cos(—0) = cos O
csc(—8) = —csch sec(—0) = secd

SUPPLEMENT IDENTITIES

tan(—@) = —tan#f
cot(—0) = —cot b

sin(ot — 8) = sin @ cos(mr — 60) = —cosf
csc(m — 60) = cscb sec(mr — 0) = —sech
sin(mt+6) = —sinf  cos(m+6) = —cosb
csc(mr+60) = —cschd sec(m+60) = —sech

tan(or — 6) = —tané@
cot(T — '9')'-;: cotd
tan(wr + 0) =tané
cot(mwr + 6) = cotf



COMPLEMEN'[__IDENTITIES

ry .

sin(-;-r—e):cosﬁ cos(-g—-e):sinB tan(g-—9)=cot6

csc(;—r—e):secB sec(-g-—e):csce cot(%—9)=tan9

ADDITION FORMULAS

sin(a + B) = sina cos B + cosa sin B tan o + tan f8

tan(a -+ ﬂ) —
sin(ae — B) = sina cos B — cos e sin 8 1 —tanatanfp

DOUBLE-ANGLE FORMULAS

sin 2o = 2 sin & cOS & cos 2o = 2cos® a — 1

ST e

cos 20 = COs® o — sin? o cos2a =1—-2 sin? o



cos(a + B) = cosa cos B — sina sin fB gl = ) 2 tana — tan
l4+tanatan g

cos(x — B) = cosacos B + sina sin B

HALF-ANGLE FORMULAS

.2a 1—cosa o 1+ cosa
sSin — = COS™ — =
2 2 2 2




d Inverse Trigonometric Functions

- 7.8.1 DEFINITION.

Hyperbolic sine
Hyperbolic cosine
Hyperbolic tangent

Hyperbolic cotangent

I TTR————

Hyperbolic secant

Hyperbolic cosecant

o e A e P 0 B

IENRPRE——————_ R

e’ — e~
sinhx =
2
ex + e—x
coshx =
2
sinh x et —e*
tanhx = =
cosh x erX 4+ e *
cosh x et +e "
cothx = — —
sinh x er —e™¥
1 2
sech x = =
cosh x er + e *
1 2
csch x = — =
sinh x ex —eX

b S - —



7.8.3 THEOREM.

d d
Z’; [sinh u] = coshu -a—-l:-
g [cosh u] = sinh udu
— ul = —_—
dx dx
d d
Tx [tanh u] = sech” u Z;
d du
E;[COth u] = -—CSCh2 ua—;
h h u tanh 2
= [sech u] sec T
d du
—[csch u] = —csch u cothu—

dx dax

fcoshu du = sinhu + C

fsinhudu —coshu + C

fsech2 udu =tanhu + C

csch? udu = —cothu + C

cschucothudu = —cschu + C

[ sech utanhu du = —sech u + C




.
. 7.2.2 ' THEOREM (Comparison of Exponential and Logarithmic Functions). Ifb > Qandb # 1,

|
; then: i

bO — 1 - Iogb ] ==
| L1 log, b =1
range b* = (0, +0) domain log, x = (0, +x)
? domain b* = (—o0, +0) range log, x = (—o, +x)

= b* is continuous on (—oo, ) y = log, x is continuous on (0, +x)




' 7.2.3  THEOREM (Algebraic Properties of Logarithms). Ifb > 0,0 7# 1,a>0,¢>0,a4
- r is any real number, then: |

logb (ac) = logb 3 logb C Product property
logb (a/c) = logb 3 — logb G Quotient property
logb (a’) =r logb a Power property

]ogb ( 1 / c) — logb & Reciprocal property
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\ﬁ — Ll,z‘dx
A e
1+ u?dx
1 du

 Jul/u? —14x

(=1l <u<1)

(—o0 < U < +0)

(1 < ul)



necaca dic

/ du e 52
—sin”T u+C
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d[l ]
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1 du
ulnb dx




|
[—-—-du=ln|ul+C

]
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In the special case where b = ¢ we have Ine = 1, so that (12) becomes

=l (13)

Moreover, if u is a differentiable function of x, then it follows from (12) and (13) that

d du d du
CpET L R — ¥ — . — 14-1
rm [6"] = b"InD = and dx[e] e (14-15)



/b“du—_—b = 5 and [e”duze“—l—c
Inb



