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*NUMBER OF STATES IN THE BAND:

Q1: What is the form of the Bloch function in a one-dimensional crystal?
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Answer: The Bloch function in a one-dimensional crystal is given by v, (z) — f;’ﬁ'""u”(u:}, where

u,(x) is a periodic function with the same periodicity as the lattice.

Q2: What condition must the Bloch function satisfy for periodic boundary conditions, and
how does this affect the allowed values of k?

Answer: The Bloch function must satisfy the pericdic boundary condition ¢, ( + L) = ¥, (x).

L

2mn

This leads to the quantization of k values, given by k — 7

where 72 is an integer (0, 1, £2, ...
Q3: How is the number of allowed k states inside the first Brillion zone determined?
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Answer: The first Brillouin zane length is 27 /a, and the spacing between allowed k values is ==. The
/ i

number of states inside the first zone is therefore calculated as:

2w/a L
.'- [ — J"\'T
2w /L a

where IV is the number of unit cells.

Q4: Why is the result about the maximum number of electrons per band significant in
predicting the behavior of solids?

(Saball ) sal) @l shoss 5l b Faga (3l IS il I (o) 2naly Filasiall Al yins 13L)

Answer: This result is significant because it helps determine whether a solid behaves as a metal or an
insulator. If a band is completely filled (up to 2N electrons), the material is likely to be an insulator.
In contrast, if there are available states in the band (unfilled), the material may conduct electricity,

indicating metallic behavior.
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*THE NEARLY-FREE-ELECTRON MODEL

Q1: What is the Nearly-Free-Electron (NFE) model, and what assumption does it make
about the crystal potential?

(551 25l (Lt e o s 531 (ml 8Y1 Lo s ¢ (NFE) e i) sl (05 51 7350 5o L)

Answer: The Nearly-Free-Electron model assumes that the crystal potential is weak enough that
electrons behave almost like free particles. The effects of the potential are treated using perturbation

methods, as the weak potential can be considered a small correction to the free-electron behavior,
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Q2: What mathematical approach is used to solve the Schrodinger equation in the context of
the NFE model?
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Answer: The Schrédinger equation is solved using perturbation methods. This approach allows for

making the calculations more manageable.
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Q3: How does the NFE model differ from the tight-binding model?

($aSaal) Jas )l 73 55 e NFE 73 50 ilid i)

Answer: The NFE model treats the electron as moving freely with only weak interactions due to the
crystal potential, while the tight-binding model assumes that the potential is strong, causing
electrons to primarily move around individual atoms with only minor interactions with neighboring
atoms. The NFE model is used for simple metals, whereas the tight-binding mecdel is suited for

describing narrow bands in solids, such as the 3d band in transition metals.
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™ the treatment of the weak crystal potential as a small correction to the solutions for a free particle
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*The empty-lattice model:

Q1: What is the empty-lattice model in the context of the Nearly-Free-Electron model?

(Sl 3l <l g STV =3 gad (Blaw A de LAl AW 23 5ad g8 La)

Answer: The empty-lattice model represents the starting point for the Mearly-Free-Electron model,
where the potential is assumed to be zero, allowing electrons to behave as free particles. It takes into

account the translational symmetry of the real lattice when solving the Schrédinger equation.
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Q2: What are the expressions for the state functions and energies in the empty-lattice model
for a one-dimensional lattice?
(S2xd) dpalal ASuil de ) ASLEl 23 ai 8 Bl 5 Al Al ) s 4 L)

Answer: For a one-dimensional lattice, the state functions and energies in the empty-lattice model

are given by:

where 1 is the reduced Planck's constant, k is the wavevector, and m is the electron mass.
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Q3: What are the different schemes used to represent the energy spectrum, and what are
their specific uses?

(f225al) Lilalasind & Lo g dBUall Ciula Jiiail adiional) dilidal) cillabiall a L)

Answer:

1. Reduced Zone Scheme: This representation confines consideration to the first
Brillouin zone and is convenient for displaying all necessary information about the
energy spectrum.

2. Extended Zone Scheme: This emphasizes the connection between crystalline and
free electron behavior, showing energy states across multiple zones.

3. Periodic Zone Scheme: Useful in topological considerations involving kkk-space,
showing the periodicity of energy states.

All these schemes are equivalent, and their use is based on convenience rather than intrinsic
advantages.
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Q3:  Given that the electron mass m is 9.11 » 107! kg and i = 1.055 x 10~ Js, calculate the

energy E}] fork = 2, wherea = 1 x 1071 m.

Solution:

1. Calculate k:

e

= ﬁ ~ 3.14 » 10" m™!
a s 1010

2. Calculate Eif':

_RPE* (1055 x 1077)%(3.14 x 10'")*

- ~ 554 x 10717 ]
2m 2% 0.11 x 109

E}
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Q4: Sketch the energy curves for the empty-lattice model:

(a) Dispersion curves in the nearly-free-electron model, in the reduced-zone
scheme.

(b) The same dispersion curves in the extended-zone scheme.
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Fig. 5.11 (a) Dispersion curves in the ncarly-free-clectron model, in the reduced-zone
scheme. (b) The same dispersion curves in the extended-zone scheme.

*The nearly-free-electron model:

Q1: What is the expression that describes the energy gap Eg at the zone edge in the nearly-
free electron model?

(Foa 4 05 SV 23 g S dhaial) A8la wic Eg 48U 3 a8 Coay ()l 58 L)

Answer: The energy gap is given by the expression:

Eg.l =2 T"r—‘_}: a1

where V_a-/, is the Fourier component of the crystal potential.

»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»



5 (e Ao i) Lbaal) Aad) o jud Sl i) Juadl) Jilosa 9 Adici) .
3 (2025-2024) alall o) gisal) Aths Adiall Alad) £l 58 A il pualae Al .
o U:‘.'.‘JJ'\ U g @LAA .J.e.‘ 8alall i) ;
3 Q21 Calculate the value of the energy gap E, if Voo, — 0.05 eV, :
- Answer: .
3 Ey = 2V_or/sl =2 % 0.05eV = 0.1 eV :
2 Q3: If the energy at point B in below is given as Eg=0.2 eV, calculate the energy changes .
g Ea(k) and Ex(K) at k=0 2. :
. ~3 5 :
: -—First /one"{ N
- Solution: At i — O :
- _ i} nZ = .
o E;{{U} — K + 21V _40/al + ; - 0= =
Ty 2‘1-}’1'1:' N
2 Es(0) — Ep + 2|V_yrjal + - .02 >
v 2mg o
2 Assuming V_yrn — 0.03 eWV: >
3 E4(0) = 0.2 + 2 = 0.03 = 0.26 eV -
3 Es(0) — 0.2 + 2 = 0.03 — 0.26 eV -
:S Q4 Problem Statement: Using the equations for the energy levels at the center of the zone for bands 2 E
3 and 3, B3(k) — Ep + 2\V_an/a| + 2 k? and E2(k) — Bp + 2|V_oan/a| — 2 k2 calculate -
o the energy separationatk — 0ifV_,_,, — 0.03eV and i — 1.05 = 107 T s, mpy — 9.11 = o
= 10— kg =
:: Solution: :
= 1. Calculate Energy Levels at & — (: N
o e For E;(0): o
2 E3(0) = Ep + 2|V_yn| — 0.2eV + 2 x 0.03eV — 0.26 eV o
: e For E- (ﬂ}: :
E2(0) — Ep + 2|Voyru| — 0.2eV 4 2 x 0.03eV — 0.26eV
: 2. Energy Separation: The energy separation between the bands at & — 0 is: :
AE — E4(0) — E2(0) — 0.26eV — 0.26eV — 0eV
: This indicates that at & — 0, there is no energy separation due to the symmetry of the potential. :
: 3. Discussion: :
: ® The lack of energy separation at this point suggests that the bands touch, which is a crucial :
: consideration in the context of materials that may exhibit metallic behavior. :
6
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*THE ENERGY GAP AND THE BRAGG REFLECTION:

Q1: Explain how the concept of Bragg reflection relates to the behavior of electrons at the
zone edge. What is the implication of having zero velocity for the electron at this point?

i (3 A A ()5S i pn Lo Ailaial) dila i g IV o gl o) s GolSail o sgie Jasi s (i -,
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Solution:

1. Bragg Reflection: At the zone edge, the strong periodic potential leads to Bragg
diffraction, causing the electron wave to reflect significantly. The reflected wave's
amplitude matches that of the incident wave, resulting in standing wave patterns.

2. Zero Velocity Implication: Since the electron behaves as a standing wave at k=n/a ,
its velocity is zero. This is significant because it means that electrons can accumulate
at these points, affecting conductivity and band structure.
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Q2: Discuss how the periodic potential affects the energy gap formation at the boundaries of
the Brillion zone. Provide a qualitative explanation of the energy gap created between two
bands.
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Solution:

1. Formation of Energy Gaps: The periodic potential introduces interactions between
electrons in different bands. As a result, near the zone boundaries, energies of states
from different bands shift, creating gaps due to differing wave function distributions.

2. Qualitative Explanation: At the boundary, the states corresponding to different
energy bands (e.g., the top of band 1 and the bottom of band 2) have different spatial
distributions. This difference leads to an energy gap since the same k value
corresponds to different potential energies, preventing electrons from occupying both
bands simultaneously at that point.
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*Calculation of enerqy band:

Q1: Answer the following questions?.

1. What is the Wigner-Seitz cell, and how is it constructed in the context of solid-state
physics?

o Answer: The Wigner-Seitz cell is a unique unit cell used in crystallography that
simplifies the representation of a crystal lattice. It is constructed by taking a lattice
point and drawing perpendicular bisectors to the lines connecting it to its nearest
neighbors, enclosing the volume of space closest to that lattice point. This results in a
polyhedron that contains one lattice point and can be used to describe the periodic
structure of the crystal.

2. Explain the significance of using a Wigner-Seitz sphere instead of the actual cell
shape in the cellular method.

e Answer: The Wigner-Seitz sphere simplifies the mathematical treatment of the
crystal potential. By replacing the complex actual cell shape with a sphere of equal
volume, calculations can be more tractable while still capturing essential periodicity.
This approach allows for easier imposition of boundary conditions necessary for the
wave function.

3. Describe the general approach of the cellular method to calculate the energy bands of
asolid.

e Answer: The cellular method involves dividing the crystal into unit cells and
assuming that the electron within a cell is primarily influenced by the potential of the
ion in that cell. The Schrddinger equation is solved for this potential, typically
numerically, to obtain the wave function and energy states. The Bloch theorem is then
used to extend these results to the entire crystal.

4. Discuss the behavior of the wave function within the ion core compared to the
regions outside the core as described in the text.
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« Answer: Inside the ion core, the wave function oscillates significantly due to the

strong ionic potential. Outside the core, the wave function tends to behave like a plane
wave and remains approximately constant throughout most of the cell volume. This
transition indicates that outside the core, the effective potential is relatively constant,
allowing the electrons to behave like free particles.

5. How does the APW method improve upon the cellular method?

e Answer: The Augmented-Plane Wave (APW) method refines the assumptions of the
cellular method by incorporating a muffin-tin potential, which is constant outside the
ion cores. This method allows for a more accurate representation of the electron wave
function, particularly by joining atomic-like functions inside the core to plane waves
outside, addressing the shortcomings of the cellular method regarding crystal
structure.

6. Define the pseudo potential and describe how it differs from the actual crystal
potential.

o Answer: The pseudo potential is a simplified effective potential that replaces the
strong ionic potential near the core with a weaker potential. It smooths out the
singular behavior at the ionic core, making it easier to handle in calculations. This
leads to a wave function that appears almost like a plane wave throughout the crystal,
thus allowing for the approximation of free particle behavior for conduction electrons.

7. Explain the concept of orthogonally in the context of wave functions. Why is it
crucial for ensuring compliance with the Pauli exclusion principle?

e Answer: Orthogonally between wave functions means that the integral of their
product over all space equals zero. This concept is crucial in quantum mechanics to
ensure that different quantum states do not overlap, allowing multiple electrons to
occupy different states without violating the Pauli exclusion principle, which states
that no two electrons can occupy the same quantum state simultaneously.

8. What are some of the challenges associated with the numerical calculations in the
APW and pseudo potential methods?

e Answer: Numerical calculations in the APW and pseudo potential methods are
computationally intensive and can be affected by numerical errors, convergence
issues, and the need for precise boundary conditions. These challenges often require
sophisticated algorithms and significant computational resources, making it a complex
task that can take extensive time to yield reliable results.
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Q2: Choose the correct answer for each of the following: (¢laie¥) & cllay) cul 5 jai)

1. What is the primary purpose of the Wigner-Seitz cell in solid-state physics?
o A) To represent the energy bands of a crystal
B) To simplify the calculation of crystal potentials
C) To describe lattice vibrations
D) To identify crystal defects
Correct Answer: B
2. In the context of the cellular method, what assumption is made about the potential
affecting an electron in a specific cell?
o A) The potential is uniform throughout the crystal
o B) The electron is influenced only by the potential of the ion in that cell

o O O
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o C) The potential from neighboring cells is the dominant factor
o D) The potential is negligible in all cells
Correct Answer: B
3. What characterizes the wave function behavior outside the ion core in the cellular
method?
o A) It oscillates rapidly
o B) It behaves like a plane wave and is approximately constant
o C) It becomes zero
o D) It varies unpredictably
Correct Answer: B
4. What is the main improvement of the Augmented-Plane Wave (APW) method over the
cellular method?
o A) It uses a spherical Wigner-Seitz cell
o B) It assumes a muffin-tin potential that is constant outside the ion core
o C) It eliminates the need for numerical calculations
o D) Ittreats all crystal structures as isotropic
Correct Answer: B
5. In the pseudo potential method, what is the effect of the atomic functions on the effective
potential?

o A) They enhance the ionic potential significantly

o B) They completely remove the potential

o C) They weaken the effective potential, leading to a smoother wave function
o D) They have no effect on the potential

Correct Answer: C
6. What is the significance of orthogonality between wave functions in quantum
mechanics?
o A) Itallows overlapping states to exist
o B) Itensures compliance with the Pauli exclusion principle
o C) It simplifies the Schrddinger equation
o D) Itincreases the energy levels of the system
Correct Answer: B
7. Which of the following is a notable feature of the wave function at the bottom of the
band in the cellular method?
o A) It has a variable amplitude throughout the cell
o B) It oscillates near the ion core but becomes constant elsewhere
o C) Itis zero throughout most of the crystal
o D) It exhibits random fluctuations
Correct Answer: B
8. What challenge is associated with numerical calculations in the APW and pseudo
potential methods?
o A) They require no computational resources
o B) They can be completed in a short time frame
o C) They are computationally intensive and require significant numerical precision
o D) They do not provide accurate results
Correct Answer: C

9. What does the energy gap Eg represent in a solid?

e A) The energy required to break a bond

e B) The difference between the conduction band and valence band edges
e C) The energy of the ion core

e D) The thermal energy of the electrons

Correct Answer: B
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10. According to the text, how is the energy gap Eg calculated for(between two electronic
bands is related to the Fourier component)?

o A)E; = 2|Vi_az/a)

-

s F) Eg_ "’i[l] | V(—27/a)

e () Eﬂ-— "r[[];. x I"r[—‘_}: i)

L] D] E:’; = I‘T——, a)

Correct Answer: A
11. Which method simplifies the crystal into unit cells for energy band calculations?

e A) The APW method

e B) The cellular method

e () The pseudo potential method

e D) The tight-binding method
Correct Answer: B

12. In the context of the cellular method, what shape is the Wigner-Seitz cell for Na in a BCC
structure?
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13. What is a key assumption made when using the cellular method?

e A) The potential of the ion core affects the entire crystal
e B) lons in neighboring cells have a negligible effect on the electron
e C) The potential is identical in all cells
e D) The wave function does not need to satisfy periodicity
Correct Answer: B

14. Which of the following best describes the wave function outside the ion core in the cellular
method?

e A) It oscillates rapidly

e B)lItiszero

e C) It behaves like a plane wave

e D) Itis complex and variable
Correct Answer: C

15. What characteristic of the wave function at the zone edge indicates strong scattering?
e A) The wave function becomes complex

e B) The wave function is constant
e C) The wave function has equal amplitudes for incident and reflected waves
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e D) The wave function becomes undefined
Correct Answer: C

16. What improvement does the Augmented-Plane Wave (APW) method offer over the cellular
method?

e A) It eliminates the need for numerical solutions
o B) It accounts for anisotropic effects
e C) It uses a muffin-tin potential that is constant outside the core
o D) It simplifies the crystal structure completely
Correct Answer: C

17. In the pseudo potential method, what happens to the effective potential due to the atomic
functions?

e A) It becomes stronger

e B) Itis unchanged

o C) It weakens significantly

e D) It becomes complex
Correct Answer: C

18. What is the purpose of requiring orthogonality between wave functions in quantum
mechanics?

e A) To allow overlapping states
e B) To ensure compliance with the Pauli exclusion principle
e C) To simplify numerical calculations
e D) Toincrease energy levels
Correct Answer: B

19. Which method is often used for calculating band structure in metals and semiconductors
with success?

e A) Tight-binding method

e B) Cellular method

e C) APW method

¢ D) Kohn-Sham method
Correct Answer: C

20. What challenge is associated with the numerical calculations in the APW and pseudo
potential methods?

e A) They are quick and easy

e B) They require extensive computational resources and time

e C) They do not yield accurate results

e D) They are unnecessary for band structure calculations
Correct Answer: B

Assist.Pro.Dr. Salih Y.Darweesh at (17-10-2024)
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